-
LINEAR MIXED-EFFECT MODELS

@ Studies / data / models seen previously in 511 assumed a single
source of “error” variation

o y=X3+e.
3 are fixed constants (in the frequentist approach to inference)
e is the only random effect

@ What if there are multiple sources of “error” variation?
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Examples: Subsampling

@ Seedling weight in 2 genotype study from Aitken model section.
@ Seedling weight measured on each seedling.

@ Two (potential) sources of variation:
among flats and among seedlings within a flat.

Yik = w47+ Tj+ €
Tj ~ N(O, Ul2:)
e~ N(0,03)

where i indexes genotype, j indexes flat within genotype, and k
indexes seedling within flat

@ 2 quantifies variation among flats,
if have perfect knowledge of the seedlings in them

@ o2 quantifies variation among seedlings
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Examples: Split plot experimental design

@ Influence of two factors: temperature and a catalyst on
fermentation of dry distillers grain (byproduct of EtOH production
from corn)

o Response is CO, production, measured in a tube

o Catalyst (+/-) randomly assigned to tubes

o Temperature randomly assigned to growth chambers
6 tubes per growth chamber, 3 +catalyst, 3 -catalyst
all 6 at same temperature

o Use 6 growth chambers, 2 at each temperature

@ The o.u. is a tube. What is the experimental unit?
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Examples: Split plot experimental design - 2

@ Two sizes of experimental unit: tube and temperature

Yikk = m+ i+ + B+ aBj+ €ju
vik ~ N(O, 026) Var among growth chambers
ejg ~ N(0,0%) Var among tubes

where i indexes temperature, j indexes g.c. within temp., k
indexes catalyst, and / indexes tube within temp., g.c., and catalyst

° aé quantifies variation among g.c.,
if have perfect knowledge of the tubes in them

@ 2 quantifies variation among tubes
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Examples: Gauge R&R study

@ Want to quantify repeatability and reproducibility of a
measurement process

o Repeatability: variation in meas. taken by a single person or
instrument on the same item.

e Reproducibility: variation in meas. made by different people (or
different labs), if perfect repeatability

@ One possible design:
10 parts, each measured twice by 10 operators. 200 obs.

Yik = p+aji+Bi+abj+ ek

aj ~ N(0,03) Var among parts
B ~ N(O ,0%) Reproducibility variance

(
afi ~ N(O, 0'/)
ek~ N(O, o?)

Interaction variance
Repeatability variance
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Linear Mixed Effects model

e y=XB+2Zu+e
@ X n x p matrix of known constants 3 € IRP an unknown parameter
vector

@ Z n x g matrix of known constants u q x 1 random vector
@ e n x 1 vector of random errors

@ The elements of 3 are considered to be non-random and are
called "fixed effects.”

@ The elements of u are called "random effects”
@ The errors are always a random effect
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Review of crossing and nesting

@ Seedling weight study:
seedling effects nested in flats

@ DDG study:
temperature effects crossed with catalyst effects
tube effects nested within growth chamber effects

@ Gauge R&R study:
part effects crossed with operator effects
measurement effects nested within partxoperator

o fixed effects are usually crossed, rarely nested
@ random effects are commonly nested, sometimes crossed
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@ Because the model includes both fixed and random effects (in
addition to the residual error), it is called a "mixed-effects” model
or, more simply, a "mixed” model.

@ The model is called a "linear” mixed-effects model because (as we
will soon see) E(y|u) = X3 + Zu, a linear function of fixed and
random effects.

@ The usual LME assumes that

E(e)=0 Var(e) = R
E(uy=0 Var(u) = G
Cov(e, u) =0.
@ [t follows that:
Ey = X3

Vary = ZGZ +R
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@ The details:

Ey = E(XB+Zu+e€)

= XB+ ZE(u) + E(e)
X3 and
Var(X3 + Zu +€)
Var(Zu + €)
Var(Zu) + Var(e€)
ZVar(u)Z' + R
= ZGZ +R=%

Vary

@ The conditional moments, given the random effects, are:

Eylu = X8+ Zu and
Varylu = R
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@ We usually consider the special case in which

~([a] [ 2])

— y~ N(XB,ZGZ' + R).

u
€

@ Example: Recall the seedling metabolite study. Previously, we
looked at metabolite concentration. Each individual seedling was
weighed

@ Let yjx denote the weight of the k' seedling from the j flat of
genotype i (i=1,2,j=1,2,3,4,k=1,...,n;; where n; = # of
seedlings for genotype i flat j.)
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@ Consider the model

Yik = p+ i+ Fij + €i

s " N(0, 02) independent of ¢ 's "< N(0, 02)

Fij's
This model can be written in the form

y=XB+Zu+e
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Y111 €111
Y112 €112
Y113 [ Fig ] e113
Y114 Fi2 €114
Y115 Fi3 €115
y = Y121 8= :;j; o= Fi4 € — €121
V122 "o Faq €122
Fa2
Fa3
| Foq | :
Yoa47 €247
| Ve4s | | €248 |
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@ What is Vary?
G-= Var(,u) == Var([Fll, ...,F24],) = O’IZ: Ing

R = Var(e) = O‘g I56><56

Var(y) = ZGZ' + R = Zo} 1Z' + 07 | = 0322’ + o1

[ 15,10, 0 0 S 0
0 1p,1,, O . .. 0
Sy 0 0 n,th,
.0 0 10,10, |

@ This is a block diagonal matrix with blocks of size
njx nj, i=1,2,j=1,23,4.
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@ Thus, Var(y) = 0222’ + o2l is also block diagonal.
The first block is

Y111 of+05  of of of of
Y112 0,2_— 0',2_—+O’§ 0‘,2_— o2 0',2_—
Var | y113 | = o2 o2  o2+o0% o2 o2
Y114 o oF of  ofto  of
o2 o2 o o2 o2 +02
Y115 F F F F FT0e

@ Other blocks are the same except that the dimensions are
(# of seedlings per tray ).

@ A X matrix with this form is called 'Compound Symmetric’
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@ Two different ways to write the same model
@ As a mixed model:

Yik = pn+i + T + €, Ty "5 N(0, ), ejic "~ N(0,02)
@ As a fixed effects model with correlated errors:
Yik = 1+ i + €k, e~ N(0,X)

@ In either model:

Var(yj) = of+o5 Vi k.
Cov(yik, Vi) = o2  Yij,and k #K.
COV(y,‘jk, }’i'j’k’) =0 if i 75 i orj 75_[/
@ Any two observations from the same flat have covariance o2.
@ Any two observations from different flats are uncorrelated.
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@ What about the variance of the flat average:
_ 1 / I 1 1 244/ 2
Varyij. = Var(; 1 (yij, ""yijnij) ) = p 1 (UF11 —|—O’el) 1
ij ij
1 2 1.2 2
= (U,_—1 111+ 051'N) = P (ognin; + ogny)
U if

= —V/
0F+nu j

@ If we analyzed seedling dry weight as we did average metabolite
concentration, that analysis assumes 0,2_- =0.

. _ 2 .o
@ Because that analysis models Var(y;;) as Z—U Yi,j.
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@ The variance of the genotype average, using f; flats per genotype:

1
Vary;, = )TZZVari’ij.
i

O'I2: 1 2 .

@ When all flats have same number of seedlings per flat, i.e.
nj=nvi,j
2 2
- _OF 0% .
Vary; = £ + fn Vi
@ Var among flats divided by # flats
+ Var among sdl. divided by total # seedlings
@ When balanced, mixed model analysis same as computing flat
averages, then using OLS model on yj;.

@ except that mixed model analysis provides estimate of 0,2_—
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@ Note that Var(y) may be written as 02V where V is a block
diagonal matrix with blocks of the form

r 2 2 2 B
14 % o of
2 o2 o3
0'2 0'2 g
% 14+ % %k
o8 o8 o6
2 2 2
of of 14 %
L o2 o2 o2 |

@ Thus, if Z—E were known, we would have the Aitken Model.

y=XB+Zu+e=XB+e€, e~ N(0, 0'2\/), 02502

@ We would use GLS to estimate any estimable C/3 by
CB,=CX'V'X)y" X'V y
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2
@ However, we seldom know ‘;—g‘ or, more generally, X or V.
e

@ Thus, our strategy usually involves estimating the unknown
parameters in X to obtain X.

e Then inference proceeds based on C3; = C(X’ VX x -ty

or CB- = C(X'E ' X)x'$y.

@ Remaining Questions:
@ How do we estimate the unknown parameters in V (or X) ?
@ What is the distribution of C3;, = C(X' V™ X)X’V 'y ?
© How should we conduct inference regarding C3 ?
© Can we test Ho: 02 = 0?
© Can we use the data to help us choose a model for £?
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R code for LME’s

d <- read.table(’SeedlingDryWeight2.txt’,as.is=T,
header=T)

names (d)

with(d, table(Genotype, Tray))

with(d, table(Tray,Seedling))

# for demonstration, construct a balanced data set
# 5 seedlings for each tray
d2 <- d[d$Seedling <=5, ]

# create factors

d2$g <- as.factor (d2$Genotype)
d2St <- as.factor (d2$Tray)
d2S$s <- as.factor (d2$Seedling)
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#

fit the ANOVA

temp <- Im(SeedlingWeight =~ g+t, data=d2)

#

get the ANOVA table

anova (temp)

#
#

=

e

note that all F tests use MSE = seedlings
within tray as denominator
will need to hand-calculate test for genotypes

better to fit LME. 2 functions:
Imer () in lme4 or lme() in nlme
for most models lmer () is easier to use

ibrary (1lme4)
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temp <- lmer (SeedlingWeight g+ (1l]|t),data=d2)

summary (temp)
anova (temp)

# various extractor functions:

fixef (temp) #
vcov (temp) #
VarCorr (temp) #
ranef (temp) #
coef (temp) #
fitted (temp) #
resid (temp) #

© Dept. Statistics ()

estimates of fixed effects

VC matrix for the fixed effects
estimated variance (—covariance) for r
predictions of random effects

fixed effects + pred’s of random effe

conditional means for each obs (X bhe
conditional residuals (Y - fitted)
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# REML is the default method for estimating
# wvariance components.

# if want to use ML, can specify that

lmer (SeedlingWeight g+ (1|t), REML=F, data=d2)

# but how do we get p-values for tests
# or decide what df to use to construct a ci?

# we’ll talk about inference in R soon
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Experimental Designs and LME'’s

@ LME models provide one way to model correlations among
observations

@ Very useful for experimental designs where there is more than one
size of experimental unit

@ Or designs where the observation unit is not the same as the
experimental unit.

@ My philosophy (widespread at ISU and elsewhere) is that the way
an experiment is conducted specifies the random effect structure
for the analysis.

@ Observational studies are very different
No randomization scheme, so no clearcut random effect structure
Often use model selection methods to help chose the random
effect structure

@ NOT SO for a randomized experiment.
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@ One example:

study designed as an RCBD.

treatments are randomly assigned within a block

analyze data, find out block effects are small

should you delete block from the model and reanalyze?

above philosophy says “tough”. Block effects stay in the analysis
for the next study, seriously consider:

blocking in a different way

or using a CRD

@ Following pages work through details of LME’s for some common
study designs
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Mouse muscle study

Mice grouped into blocks by litter. 4 mice per block, 4 blocks.
Four treatments randomly assigned within each block
Collect two replicate muscle samples from each mouse
Measure response on each muscle sample

16 eu., 32 ou.

Questions concern differences in mean response among the four
treatments

@ The model usually used for a study like this is:

@ Yk = p+ 7+l + mj + ek, where

Yiik is the k' measurement of the response for the mouse from

litter j that received treatment /,
(I=1,2,3,4, j=1,2,3,4, k=1,2).

© Dept. Statistics () Stat 511 - part 3 Spring 2013 28/116



@ The fixed effects:

v
1
B=| 7 | €IR®is an unknown vector of fixed parameters

73
T4

® U= [h,hk,lk,ly,m, M2y, My, May, My2, ..., M34, Maq]' is a vector

of random effects describing litters and mice.
@ € = [e111, €112, €211, €212, ... , €441, €442, ... , €441, €442] IS @ VECHOr

of random errors.

@ with ¥ = [y111, Y112, Y211, Y212, -, Ya11, Y412, ..., Yaa1, Yaa2]', the
model can be written as a linear mixed effects model

y = X3 + Zu + €, where
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@ We can write less and be more precise using Kronecker product
notation.

X=Leoll Ledl 2=Les1, L ol
4x 1 8x 1 4x 4 2x 1 4x 4 8x 1 16x 16 2x 1

@ In this experiment, we have two random factors: Litter and Mouse.
@ We can partition our random effects vector u into a vector of litter
effects and a vector of mouse effects:

mi+
ma4
ma4
h
Mg
u=| T 1= m=|m
- m y = /3 5 - 12
I
L Maq |
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@ We make the usual assumption that

RN )

Where 02,02, € IR™ are unknown parameters.
@ We can partition:

u=

Z= Io© 1]=(2, Zy)

I ® 1,
—~— ~— =~
4x 4 8x 1 16x 16 2x 1

We have

Zu=| 2, Zm][’;}—Z,IJerm and
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|
2l 0 Z,
Var(Zu)=2GZ' =[ 2, Z ["/ H '}
(Zu) L2n 2l o g2 ]| 2z,
— Z/(o?)Z) + Zn(oBN)Z)y

_ 2 / 2 /

=of I o 11 +op, | & 11

4x 4 8x 8 16x 16 2x 2

@ We usually assume that all random effects and random errors are
mutually independent and that the errors (like the effects within
each factor) are identically distributed:

| 0 o2l 0 0
m|~N(|O|,|] 0 o021 ©
€ 0 0 0 o2
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@ The unknown variance parameters o2, 02, 02 € IR* are called

variance components.

@ In this case, we have R = Var(e) = o21.
@ Thus, Var(y) = ZGZ' + R = 0t Z,Z] + 02 2ZwZ), + 021.

@ This is a block diagonal matrix.
Each litter is one of the following blocks.

a+b+c

a

[ R GECRE]

a+b
a+b at+b+c

a

Lo oL LY

[
o+
DL OLFTOD

o+

o

a
a
a+b
a+b+c
a

[
o +
DO FTTHHHY

LRI

o (To save space, a= 02, b= 02, ¢ = 02)
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a a a
a a a
a a a
a a a
+c a+b a a
b a+b+c a a
a at+b+c a+b
a a+b a+b+c
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@ The random effects specify the correlation structure of the
observations

@ This is determined (in my philosophy) by the study design
@ Changing the random effects changes the implied study design

@ Delete the mouse random effects:
The study is now an RCBD with 8 mice (one per obs.) per block

@ Also delete the litter random effects:
The study is now a CRD with 8 mice per treatment
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]
Should blocks be fixed or random?

@ Some views:

@ The design is called an RCBD, so of course blocks are random.
But, R in the name is Randomized (describing treatment
assignment).

@ Introductory ANOVA: blocks are fixed, because that’s all we know
about.

@ Some things that influence my answer

o If blocks are complete and balanced (all blocks have equal #'s of all
treatments), inferences about treatment differences (or contrasts)
are same either way.

o If blocks are incomplete, an analysis with fixed blocks evaluates
treatment effects within each block, then averages effects over
blocks.

An analysis with random blocks, “recovers” the additional
information about treatment differences provided by the block
means.

Will talk about this later, if time.
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@ However, the biggest and most important difference concerns the
relationship between the se’s of treatment means and the se’s of
treatment differences (or contrasts).

@ Simpler version of mouse study:
no subsampling, 4 blocks, 4 mice/block, 4 treatments

@ Yi=p+1i+li+ej e~ N(O,ag)

@ If blocks are random, Jj ~ N(0, o?)

Blocks are:
Fixed Random
Val’7°1—7ﬁ2 20’2/4 203/4
Vari+%  02/4 (02 +02)/4

@ When blocks are random, Var trt mean includes the block-block
variability.

@ Matches implied inference space:
repeating study on new litters and new mice
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@ Common to add + se bars to a plot of means
@ If blocking effective, o2 is large, so you get:

Random Blocks Fixed Blocks
o — 0 —
c © 7 c © 7
3 3 - T
= < = < -~
e
N - o —
o — o —
T T T T T T T T
1 2 3 4 1 2 3 4
Treatment Treatment

@ The random blocks picture does not support claims about trt. diff.
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]
So should blocks be Fixed or Random?

@ My approach:

@ When the goal is to summarize difference among treatments, use
fixed blocks

@ When the goal is to predict means for new blocks, use random
blocks

@ If blocks are incomplete, think carefully about goals of study
@ Many (most) have different views.
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Split plot experimental design

@ Field experiment comparing fertilizer response of 3 corn
genotypes

@ Large plots planted with one genotype (A, B, C)

@ Each large plot subdivided into 4 small plots.

@ Small plots fertilized with 0, 50, 100, or 150 Ibs Nitrogen / acre.
°

Large plots grouped into blocks; Genotype randomly assigned to
large plot,
Small plots randomly assigned to N level within each large plot.

Key feature: Two sizes of experimental units
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Field Plot
Block 1
Split Plot
or
Block 2 Sub Plot
Block 3
Block 4
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@ Names:

e The large plots are called main plots or whole plots
e Genotype is the main plot factor

e The small plots are split plots

o Fertilizer is the split plot factor

@ Two sizes of eu’s

e Main plot is the eu. for genotype
o Split plot is the eu. for fertilizer
e Split plots are nested in Main plots

@ Many different variations, this is the most common
@ RCB for main plots; CRD for split plots within main plots

@ Can extend to three or more sizes of eu.
split-split plot or split-split-split plot designs
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@ Split plot studies commonly mis-analyzed as RCBD with one eu.
@ Treat Genotype x Fertilizer combination (12 treatments) as if they
were randomly assigned to each small plot

Field

Block 1

Block 2

Block 3

Block 4
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@ And if you ignore blocks, you have a very different set of
randomizations

Field
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@ Confusion is (somewhat understandable)
Same treatment structure (2 way complete factorial)

Different experimental design because different way of
randomizing treatments to eu.s

So different model than the usual RCBD
Use random effects to account for the two sizes of eu.

Rarely done on purpose. Usually forced by treatment constraints

e Cleaning out planters is time consuming, so easier to plant large
areas

o Growth chambers can only be set to one temperature, have room
for many flats

In the engineering literature, split plot designs are often called
“hard-to-change” factor designs

© Dept. Statistics () Stat 511 - part 3 Spring 2013 45/116
© p



-
Diet and Drug effects on mice

@ Split plot designs may not involve a traditional plot

@ Study of diet and drug effect on mice

@ Have 2 mice from each of 8 litters; cages hold 2 mice each.
@ Put the two mice from a litter into a cage.

@ Randomly assign diet (1 or 2) to the cage/litter

@ Randomly assign drug (A or B) to a mouse within a cage

°

Main plots = cagel/litter, in a CRD
Diet is the main plot treatment factor

Split plots = mouse, in a CRD within cage
Drug is the split plot treatment factor

Let’s construct a model for this mouse study, 16 obs.
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Yik =p+oi+Bi+vi+lk+eu(i=12 =12 k=1,..4)

Y111
Y121 _ )
Y112 €111
122 - q €112
y " -
Y113 11
o
Y123 2
ap
Y114 h3
Y124 b ha
y= B=| B |n=| [ |e=
Yo1q 21
Y11
Yoo1 lo
Y12 |
Yo12 23
Y21
Vo202 oo N
Y213 B N .
Y223 | €224 |
Y214
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X=[1, 1 1,1 I, 1 @ 1 & 1]
16x 1 2x 2 8x 1 8x1 2x 2 2x2 4x 1 2x 2
Z=1 ® 1
8x 8 2x 1

y=XB+2Zu+e

0 J,2I 0
)

Var(Zu) = ZGZ' =0?ZZ =o?[ | @ 1] 1 © 1]
8x 8 2x1 8x8 2x 1

u
€

2 2
— 02 I © 11 = Block Diagonal with blocks | “% )}
8x 8 2x 1 g 0y

X X
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Var(e) =R = o1

Var(y)=of | © ll_’ﬂ-agl
8x 8 2x 2
2 2 2
— Block Diagonal with blocks | 7/ tae 71,
oj oy +0g
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@ Thus, the covariance between two observatlons from the same
litter is a, and the correlation is 2+ 5.

@ This is also easy to compute from the non-matrix expressinon of
the model.

Vi, j Var(yijx) = Var(u+ai+ B+ +lik+eik) = Var(lx+eix) = of +07?

Cov(yiik, yizk) = Cov(p+ i + Bi + 7ir + Lk + ik,
p+ i+ B2+ yi2 + ik + €i2k)
= Cov(lik + e, lik + eix)
COV(lik, lik) + COV(lik + eiZk) + COV(eilk, lik) + COV(eilk + eiZk)
COV(lik +lix+0+04+0= Var(lik)

= 0-/2

Cov(yiik, Yizk) 0/2

\/ Var(y;ix ) Var(yiok) a,2 + 02
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-
THE ANOVA APPROACH TO THE ANALYSIS OF
LINEAR MIXED EFFECTS MODELS

@ A model for expt. data with subsampling
Yik = 1+ Ti + Ujj + €ji, (i: 1,6 j=1,...n k= 1,...,m)

B = (pTi,-es1t)'s U= (Ut1, U12, ..., Um)', € = (€111, €112, ..., E1nm)’,

B € IR™", an unknown parameter vector,

(L )

2 2 ¢ IR*, unknown variance components

u
€

o
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@ This is the commonly-used model for a CRD with t treatments, n
experimental units per treatment, and m observations per
experimental unit.

@ We can write the model as y = X3 + Zu + €, where
X=[ 1,1 ® 1] and Z=[1 ® 1]
tnmx1  txt nmx1 tnxtn mx1
@ Consider the sequence of three column spaces:
X1 = 1inm><1a X2 = [1tnm><1a It><t @ 1nm><1]a
X3 = [1tnm><1a It><t & 1nm><1>lz‘n>< tn @ Tmx 1]
@ These correspond to the models:
X1t Yik = p+ e
Xo: \/,jk:/L+Tj+6,'j'k
X3t Yk =p+ 7+ Uj+ €
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ANOVA table for subsampling

Source SS df df
freatments y' (P2 — Py)y rank(Xz) —rank(Xy) t—1
eu(treatments) y'(P3 — P2)y rank(X3) —rank(X2) t(n—1)
ou(eu, treatments) y'(I — P3)y tnm — rank(X3) tn(m—1)
C.total tnm — 1

@ In terms of squared differences:

Source df Sum of Squares

trt t—1 Z, 12, 1 ket (Vi = Vo)
eu(trt) t(n—1) Z, 1 201 ket (Vg = Vi )P
(y
(

ou(eu,trt) tn(m—1) Z, 12, DY Yik — Yq)
C.total tnm — 1 2,21 21:1 Skt ik =¥ V)P
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@ Which simplifies to:

Source df Sum of Squares

trt t—1 nmY L (Vi —V...)?

eu(trt) th—t  m¥ >y — Vi)
ouleu, trt) tnm—tn > 74 i (Vi — Vi)
C.total thm—1 S S S (Vik — V- )?

@ Each line has a MS = SS / df
@ MS’s are random variables. Their expectations are informative.
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|
Expected Mean Squares, EMS

E(MSw) = {535 E¥;. —7V.)>
= M E(u+Ti+ U+ 6. —p—T. —U.—E.)?
= M E(r— 7.4+ U — U+ &.. — €..)2

= Pl — 72+ E(G - 0.)? + E(8. — ©..)?]
= %”1[25_1(71—7)”5(2, (T —T.)?)
+E(Z,:1 e/~ - e) )]

® Ty, Tr. & N(O, %), Thus, E(S, (G — T.)2) = (t - 1)%
— ji.i.d. _ o2
@ é4...,...,6¢.. g N(O, nm) Thus, E(Z, (e —e )? )=(t—1)=

o Itfollows that E(MSyt)= 21 S°1_ 4 (71 — 7)2 + mo2 + o2
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@ Similar calculations allow us to add Expected Mean Squares

(EMS) to our Anova table.
Source EMS
trt 02+ mo? + 2 S —7)?
eu(trt) 02 + mo?

ou(eu, trt) o2

@ Mean Squares could also be computed using
E(y'Ay) = tr(Ae) + [E(Y)] AE(y),
@ Where > = Var(y)=ZGZ' + R = aﬁ\l/ ® ll;wg _ and

tnx tn mx m tnmx tnm

Ey)=[p+7.p0+72. .., u+7]® L

nmx 1
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@ Futhermore, it can be shown that
o Y &Lhy v b (2] (= 7R /(- 1))

P;—P.

g y/(f,giimjgy Xm t
1—P3)

b y/( 2) y thm tn

@ and these three x? random variables are independent.

@ It follows that
) E/ 1(77 T ) /(t=1)]

(=1
MS, +mof
° F1_MSEUIZ,, ~ t:tnt
o use Fitotest Hy : TN = =T
MS, oL +m0
° fo= Msgue(ue(:r,),,) ~ (7==")Fin—t, trm—tn
@ use Fo totest Hy : au =0

© Dept. Statistics () Stat 511 - part 3 Spring 2013 57 /116



@ Notice an important difference between the distributions of the F
statistics testing Ho: 7y = 72 = ... = 77 and testing Ho: ¢2 = 0:

@ The F statistic for a test of fixed effects, e.g. F1, has a non-central
F distribution under Ha

@ The F statistic for a test of a variance component, e.g. F», has a
scaled central F distribution under Ha

@ Both have same central F distribution under Ho

@ If change a factor from “fixed” to “random”:

e critical value for a-level test is same, but
e power/sample size calculations are not the same!
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Shortcut to identify Ho

@ The EMS tell you what Ho associated with any F test

@ Ho for F = MS,/MSg is whatever is necessary for
EMS,/EMSg to equal 1.

F statistic EMS ratio Ho
MSy1/ MSou(ie et A R0 S (-2 =0
MSeu(trt)/ MSou(eu,trt) Ug%ém‘z’ g L21 =0
MSiit/ MSoyeu irt) Jg+m05+%ggz'(ﬁ_ﬂ2 02 =0, and
Y -2 =0
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Estimating estimable functions of

@ Consider the GLS estimator
Bs = (X'Z'X)" X'z y

@ When m, number of subsamples per eu. constant,

Var(y)=02 | ® 11 402 | =X (1)
tnx tn mx m tnmx tnm

@ This is a very special X.
e ltturns out that By = (X' 'X) " X'Z 'y = (X'X) X'y =3
@ Thus, when X has the form of (1),
the OLS estimator of any estimable C3 is the GLS
@ Estimates of C3 do not depend on o2 or o2
@ Estimates of C3 are BLUE
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|
ANOVA estimate of a variance component

@ Given data, how can you estimate ¢27?

MS, —MS _
° E( eu(trt) s ou(eu, trt)) (Cfe-‘rmni;u) O'e _O_l%

o Thus, Yeutrs=MSaueur) g g ynbiased estimator of o2
@ Method of Moments estimator because it is obtained by equating
observed statistics with their moments (expected values in this
case) and solving the resulting set of equations for unknown
parameters in terms of observed statistics.
@ Notice & |s smaller than Var y; = sample var among e.u.s.
° yj. mcludes variability among eu’s, o2, and variability among
observations, o2.
e Hence my “if perfect knowledge” (¢2 = 0) qualifications when |
introduced variance components.
@ Although MSeutr _MS"“(G“ ™ is an unbiased estimator of o2, it can
take negative values
@ o2, the population variance of the u random effects, cannot be

negative!
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|
Why 42 might be < 0

Sampling variation in MSe, (1) and MSyy ey, trt)

especially if 2 = 0 or ~ 0.
Incorrect estimate of o2
e One outlier can inflate MSyy(ey,irt)
e Consequence is 52 might be < 0
Model not correct
e Var Yjx|u; may be incorrectly specified
e e.g. R=02l, but Var Yji|uj; not constant
@ or obs not independent

My advice: don’t blindly force 52 to be > 0.

Check data, think carefully about model.
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Two ways to analyze data with subsampling

@ Mixed model with o2 and o2

Yik = 1+ Ti + Uj + €jik, (i=1,..,tj=1,...mk=1,..m

@ Analyses of e.u. averages
e The average of observations for experimental unit jj is
y,] —N+Tl+uq+elj
° Y= M+T,+e,,,wheree,,_u,,+e,, Vij.

o ¢; "¢ N(0,02) where 02 = o2 +

Ue

m

e When m; = mforall e.u’s,
@ inferences about estimable functions of 3 are exactly the same

2
e 5% is an estimate of o + Z¢.

This is a nGM model for the averages {y;.: i=1,...t;j=1,..,n}

@ We can't separately estimate o2 and o2, but not an issue if focus is on

inference for estimable functions of 3.
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|
Support for these claims

@ What can we estimate? For both models,

E(y)=[p+m, p+m ..., p+1] |

nmx 1

@ The only estimable quantities are linear combinations of the
treatment means p + 71, 0 + 12, ..., pp + 71

@ Best Linear Unbiased Estimators are y;..,¥5.., .., Y.,
respectively.
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@ What about Var y; ?
@ Two ways to compute:

© Dept. Statistics ()

Var(y;..)

= Vaf(u—f-T,'—i-U,'.—l-é,'..)
= Var(u;. +¢€;..)
= Var(u;.) + Var(e;..)

Stat 511 - part 3 Spring 2013
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@ Or using matrix representation,

- 1~
Var(y;..) = Var( > Vi)
=

1 _
= EVar(yH.)

1 1 / /
= SVar(— 3_(Vit1. - Yinm)')
mx 1
1 1 / 2 2 /
= T3 1" (o5l 4 o;11')1
mx 1

11 5 2 2
_ oe+moy
nm
_
n
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@ Thus,

© Dept. Statistics ()

Y.
Yo..
Var
L Y.
Var | C
Yi-

Stat 511 - part 3

2
o
= /| and
n
txt
2
o
= —CC.
n
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@ Notice Var C3 depends only on 02 = 62 4+ 02/m
@ Don't need separate estimates of o2 and o2 to carry out inference
for estimable Cg.
og

@ Do need to estimate o2 = o2 + %=.

, Ao MS,
e Mixed model: 62 = ===
e Analysis of averages: 5> = MSE

@ For example:
Var(yy. —¥2.) = Var(yy.)+ Var(yz.)

— 27 _ 2(@ 4 e )
n n mn
= (o5 +mo?)
_ 2 E(MS
- % ( eu(trt))
@ Thus, Vs
T — — 2 trt
Var(yy. —Y2.) = %(r)
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@ error d.f. are the same in both analyses:

e Mixed model: MSg 1ty has t(n — 1) df
o Analysis of averages: MSE has t(n— 1) df

@ A100(1 — a)% Confidence interval for 7 — 7 is

2MSeyirt)
Yi.—Ye. itfn 1)\/7”

@ Atest of Hy : 71 = 7 can be based on

f— V1"V, tn 1 T T2
2MSgy(trt) (n=1) 2(c2+mo?)
mn mn

@ All assumes same number of observations per experimental unit
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@ What if the number of observations per experimental unit is not
the same for all experimental units?
Let’s look at two miniature examples.

@ Treatment 1: two eu’s, one obs each
Treatment 2: one eu. but two obs on that eu

Treatment 1 Treatment 2
Y111 Y121 Y211 Y212

Y111 10 1 00
_ | Yt 110 1010
V=19 X 1o 1% |00 1
Y12 0 1 0 0 1
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X1:17 X2:X7 X3:Z
MStar =Y (Po— Py =2y - V. ) +2(o. - V. ) = (V1. — ¥2.)

_ _ 1
MSeytar) = ¥ (Ps—P2)y = (Y111-¥1 )2+ (V121-¥1.)? = §(y111—}/121)2

_ _ 1
MSou(euw.7aT) = ¥ (I-P3)y = (V211 Y2 )?+(Y212-¥2.)? = 5(}’211—}/212)2
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E(MStar) = E(Y:.-Y2.)?
= E(r1—72+ U —Un +8 —8)
= (11 — 1)+ Var(ty.) + Var(uz) + Var(ey.) + Var(ez.)

2 2 2
2 o 2 o o
— (7—1_7—2) _|_?u_|_o-u+?e+?e

= (11 —12)2 41502+ 02
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E(MSoyrrr)) = 3EW111 — Y121)?

—_

= 3E(ut1 — iz + €111 — eq21)?
= 3(205 +20%)
= 05 + ag

E(MSou(eu,trT)) = 3E(Va11 — Ya12)?

1

= JE(e211 — €212)?

— 2
= o0og
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SOURCE EMS

trt (1 — 12)% + 1.502 + o2
eu(TRT) 02+ 02

ou(eu, TRT) o2

MStar ((71—72) )
F— 1.505+03 ~F 1.502+03

MSey(1RT) 1,1

Uf,—l—ag
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@ The test statistic that we used to test Hy : 74 = ... = 7y in the
balanced case is not F distributed in this unbalanced case:

(r9—T )2
MS1rT N 15O'L2, + Ug F(L;aﬁfag)
MSeytrry 02 +02
@ We'd like our denominator to be an unbiased estimator of
1.502 + o2 in this case.

@ No MS with this expectation, so construct one
@ Consider 1~5MSeU(TRT) - 0.5/\/’80“(6“777:,77')
The expectation is 1.5(02 + 02) — 0.502 = 1.5062 + 02

MStrr
° =
Use F 1.5MSey(tRT)—0.5MSsy(eu, TRT)

@ What is its distribution under Ho?
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COCHRAN-SATTERTHWAITE APPROXIMATION
FOR LINEAR COMBINATIONS OF MEAN SQUARES

@ Cochran-Satterthwaite method provides an approximation to the
distribution of linear combinations of Chi-square random variables

@ Suppose MS;, ..., MSy are independent random variables and that

dfiMS; 2 P
W Nxdf, VI—1,...,k.

@ Consider the random variable S? = a;MS; + aaMS, + ... + a,MS;,
where ay, a, ..., ax are known positive constants in IR+

@ C-S says E‘ESSS;) ~ X?,CS, where d.f., vcs, can be computed

@ Often used when some a; < 0.
Theoretical support in this case much weaker. Support of the
random variable should be IR but S?> may be < 0.
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@ Deriving the approximate df for
S? = atMS; + aaMS, + ... + axMSy:

E(S?) = aE(MSy) + ...+ axE(MSy)
Var(S?) = a$Var(Ms1)+ .+ & Var(MSk)

& ( )]22df .. +a (M k)]22dfk

:22

@ A natural estimator of Var(S?) is \ér(Sz) =23, a?MS?/df,

® Recall that £ies ~ X5V i=1,.. k.

@ If 82 = ayMSy + ... + axMSy is distributed like each of the random
variables in the linear combination, EC(SSz) ~ XECS

@ May be a stretch when some a; < 0

a2[E MS
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@ Note that
I/Cssz 2
E[m] = Ves = E(Xucs)
Vcss 2 2
Var = Var(S
5y = EeE )
@ Equating this expression to Var(XECS) 2v¢s and solving for ves
2112
yields vgs = 2\[/5(832)]) :

@ Replacing £(S?) with S2 and Var(S?) with Var(S?) gives the
Cochran-Satterthwaite formula for the approximate degrees of
freedom of a linear combination of Mean Squares

(S22 _ (ZfaMs)?
Sy @MS2/df YK, &2 MSE/df

Ves =
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@ 1/v¢s is linear combination of 1/df;
@ We want approximate df for 1.5MSg () — 0.9MSoy(eu,irt)
@ Thatis:

2
(1 -5M3eu(trt) - 0~5MSOU(eu,trt))

@ So our F statistic ~ F

@ Examples:

eu(trt)

MS df

1

—_ N = a O

5

o101 01 On

ou(eu,trt)

M
0
0
1
1
1
4

© Dept. Statistics ()

df
20
20
20
200
20
20

1.5MS; + 0.5MS;

Des
5
20
8.65
8.86
5.86
18.86

Stat 511 - part 3

U, =
® (1 ~5MSeu(trt))2/dfeu(trt) + (0~5MSou(eu,trt))Z/dfou(eu,trt)

1.5MS; — 0.5MS;
Des
5
20
2.16
2.21
4.19
0.38
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@ What does the BLUE of the treatment means look like in this
case?

10 100
_ | M 10 |0 10
p= [ Lo } X= 0 1 Z= 0 0 1
0 1 0 0 1
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Var(y) =Y = 2ZGZ' + R=052Z' + o5l

@ It follows that

@ Fortunately, this is a linear estimator that does not depend on

[eNeR N el

0
0
1
1

1
0
0
0

2
+ og

o o =
o =+ 0O0

Bs = (X'T'X)" X'y

|

1

2
0

oo
2 _
5y =l

unknown variance components.
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@ Consider a slightly different scenario:
Treatment 1: eu #1 with 2 obs, eu #2 with 1 obs
Treatment 2: 1 eu with 1 obs

Y11 10 1 00

. Y112 _ 10 . 1 00
V=1 Yo X=110|%]o1o0
Y211 0 1 0 0 1
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@ In this case, it can be shown that B85 = (X’Z ' X)X’z 'y

Y111

o2+02 o2+02 024202 0 y
= 302+402 302+402  303+407 112
0 0 0 1 Y121
Y211

2024202 024202
_ | sobiat Y11 T 3242 Viz
Ya1i
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@ |t is straightforward to show that the weights on y,; and yjo¢ are

1 1
Var(y V: .
1 V1) —and — ar(yrz1) —— respectively
Var(y1.) + Var(y121) Var(yi1.) + Var(yi21)
@ Of course,
2024202 — 02+202
By — | 30b+4at Y, Tt g5zranz Y121
Yo11

is not an estimator because it is a function of unknown
parameters.

@ Thus we use B;: as our estimator (replace 02 and o2 by estimates
in the expression above).
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@ (35 is an approximation to the BLUE.
° fi;: is not even a linear estimator in this case.
@ |ts exact distribution is unknown.

@ When sample sizes are large, it is reasonable to assume that the
distribution of 3¢ is approx. the same as the distribution of 35 .

Var(Bs) = Var[(X'Z7'X)'X'E7"y]
= (X'='X)IXE War(y)[(X'ETTX) T TXETT)
= (XZ'X)T'XZ HEZIX(XZ X))
= (X'ZTX) T XZTXXETIX)

— (X/Zf1x)f1
Var(Bg) = Var[(X'E  X)IX'Ely] =7~ (X'E X))~
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Summary of Main Points

@ Many of the concepts we have seen by examining special cases
hold in greater generality.

@ For many of the linear mixed models commonly used in practice,
balanced data are nice because
1. ltis relatively easy to determine degrees of freedom, sums of
Squares and expected mean squares in an ANOVA table.
2. Ratios of appropriate mean squares can be used to obtain
exact F-tests.
3. For estimable C3, CBs = Cf3.(The OLS estimator equals the
GLS estimator).
4. When Var(C(3) = constant x E(MS), exact inferences about
Cp3 can be obtained by constructing ¢ tests or confidence intervals

CB-CB

1= Jconstant-(us) ~ es(ms)

5. Simple analysis based on experimental unit averages gives the
same results as those obtained by linear mixed model analysis of

a
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@ When data are unbalanced, the analysis of linear mixed may be
considerably more complicated.
1. Approximate F tests can be obtained by forming linear
combinations of Mean Squares to obtain denominators for test
statistics.
2. The estimator CB: may be a nonlinear estimator of C3 whose
exact distribution is unknown.
3. Approximate inference for Cg3 is often obtained by using the
distribution of CBE, with unknowns in that distribution replaced by
estimates.

@ Whether data are balanced or unbalanced, unbiased estimators of
variance components can be obtained by the method of moments.
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ANOVA ANALYSIS OF A BALANCED SPLIT-PLOT
EXPERIMENT

@ Example: the corn genotype and fertilization response study
@ Main plots: genotypes, in blocks

@ Split plots: fertilization

@ 2 way factorial treatment structure

@ split plot variability nested in main plot variability nested in blocks.
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Field Plot
Block 1
Split Plot
or
Block 2 Sub Plot
Block 3
Block 4
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@ A model: yjk = pjj + bk + Wik + €jjk
pij=Mean for Genotype i/, Fertilizer j
Genotype i = 1,2, 3, Fertilizer j =1,2,3,4,Block k =1,2,3,4

by ]
by

B | b 0 o2l 0
a= | | =[5 [ ([S] [ 40 )
Wo4
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Source DF

Blocks 4 -1 =3

Genotypes 3-1 =2

Blocks x Geno 4-1)(@-1) =6 whole plot x u
Fert 4 —1 =3

Geno x Fert B-1)(4-1) =6

Block x Fert (4-1)4-1)

+Blocks x Geno x Fert +(4—-1)(3—1)(4—1) 27 splitplot x u
C.Total 48 — 1 47
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Source Sum of Squares

Blocks Z, 12, 12/( 1(Vk—=7.0

Geno Z/ 12, 1Zk (Vi = 7.7

Blocks x Geno 2, 12, 1Zk 1Vik = Vi =Yk + 7.
Fert Z/ 12, 1Zk (Vi = 5.

Geno x Fert Z/ 12, 1Zk 1(¥j. — y, —y, +5.)
error Z, 12, + et e = Vik = ¥y + Vi)
C.Total ,: Z/:1 Zk 1( ik — Y. )
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E(MSgeno) = &5 S E(yi. —y..)?
= B E(f i+ W — W+ 8 — &)

_ S8 (A —h-)? S8 (W, —w..)? > (88
- FB#—FFBI:;@fLJrFBEW
— PN | FRoy | FRZE

G (7 )2
= FBiz’:‘g:“) + Fo2, + 02
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G
E(MSpiockx GENO) = B- 1)I-;G— 1 ZZ E(Vik—Vi. — V.ukV-)?
i—1 k=1
F _ _ _ _ _ -
- (B-1)(G-1) £ ;E(Wik—Wi.—W.k+W,,+e,-,k—e,-,.+e,_k+e...)2
F 5 o B o
= (B-1)(G- 1)E[§;(Wik - W) -2 2 ;(Wik — W )(Wy —w.)
G B
+D > (wk — w.)? + e terms]
. o5 e
= BTG 1)E[IZ:; ;(Wik — W )? — sz:;(w,k — w.)? + e terms]
= (B1),ZG 1)[G(B— 1)o2 — G(B —1)02 /G + e terms]

~
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@ To test for genotype main effects, i.e.,

B &
Ho : fi1. = jio. = i3. <= Hp : ﬁZ(ﬁi. —h.)?=0,
P

compare MSMS% to a central F distribution with G — 1 and

Blcok x Geno

(B—1)(G—1) df.

' i MSceno
o RejeCt HO at |eVe| (6] |ff m Z Fg_.l7 (B—1)(G—1)

@ N.B. notation: F¢ is the 1 — « quantile.
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@ Contrasts among genotype means:

Var(yi. —y2.) = Var(jiy. — fio, + Wy + W, + 81, — &2.)
_ 252 202
- "B FB

= (Fod + 02) = A E(MSgiockxceno)

A _ 2
Var(y1. — yo.) = @Msslockx GENO

@ Can use
Vi. =Y. — (1. — pi2.)

2
£8MSBiock x GENO

t =

~ liB-1)(G-1)

to get tests of Hy : fi1. = fio.
or construct confidence intervals for ji1. — fio.
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@ Furthermore, suppose C is a matrix whose rows are contrast
vectors so that C1 = 0. Then

Yi.. b + w + &
Var | C =Var | C

5. + wg + eg.

wi, + @& ] Wi+ er.
=Var|Clb +C : = C Var : C

We. + €q. | Wa. + éa.

2 2 E(MS )
_ (v %evic — (Ow | %e r_ MSpiock x gEno /
= C + )IC ( 5 + FB)CC B cc
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@ An F statistic for testing

H.
Hy: C : =0, withdf=q, (B-1)(G—-1), is
Ra.
_ / _
. | .
C MSB/O%(g Geno o ¢/ ] C .
F_ Ya. YaG.
q

@ where q is the number of rows of € (which must have full row rank
to ensure that the hypothesis is testable)
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@ Inference on fertilizer main effects, 1 ;:

EMSremr) = gy 3P - 1.’
= S FEGy 8B
i=1
= FGB1 > F(ij— i)+ 0
i=1
@ To test for fertilizer main effects, i.e.
Ho:pq1=p2=p3=ps<+= Ho: GBZF(MJ—M..)Q =0,

compare ,\Ajgg’;'gr to a central F distribution with F — 1 and

G(B—1)(F—-1)df
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@ Contrasts among fertilizer means:

Note: y1 — V2. = (u1+b+w. +81)—(uo+b+w. +8z)

Var(y1. —y2) = Vazf(ﬁJ —fipg+ ey —ez)
= % = %E(MSError)
VAar(}_/J. —y2) = %MSError
@ Can use
. V1. — Yo — (1 — fi2)

> ~ laB-1)(F-1)
\/ @MSError

togettestsof Hy : i1 = fin
or construct confidence intervals for i1 — fio
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@ Furthermore, suppose C is a matrix whose rows are contrast
vectors so that C1 = 0. Then

Y. b. + w. + éj.
Var | C : =Var | C :
VE b+ w. + @ér
é.1. é.1.
=Var|Clb +Clw_+ | : = C Var : c
er. er.
2
_ rs _ E(MSError) /
_C<GB)IC,_GB ccC
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@ An F statistic for testing

A
Hy: C : =0, withdf =q, G(B—1)(F—-1), is
i.F
- ! -
Y iy ya.
ol || [gee ||
YE YF.

F=

q

@ where q is the number of rows of € (which must have full row rank
to ensure that the hypothesis is testable)
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@ Inferences on the interactions: same as fertilizer main effects
o Use MSg, o

@ Inferences on simple effects: Two types, details different
o Diff. between two fertilizers within a genotype, e.g. p11 — 12

Var(y11. — 12.) = Var(ui1 —p11 +b —b + W, — W + &1, — &

202

Vér(}_/ﬂ. _,V12.) = %MSError
@ Diff. between two genotypes within a fertilizer, e.g. 1111 — p21

Var(y11. — ¥21.) = Var(ui1 — po1 + Wy, — Wo, + €14, — €21.)
_ ZJw+2ae
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@ Need an estimator of 02, 4 02

@ From ANOVA table:
E MSgiockx geno = Fo?, + o2
E MSgror = Ug

Use a linear combination of these to estimate 02, + 02

MS, _ 2 F—1)o2
E( Bloc,}i_xGENO + FF1 MSEF!FIOF?) _ UEV + UT-E 4 F)Ue = 0’5'/ + o'g

Var(711. — 721.) = 2=MSaiockxceno + %Mserror is an

unbiased estimate of Var(y11. — ¥21.)

Wi Vo —(mizied) ot with d.f. determined by the
\/V3r(Y11.—}/21A) . . .

Cochran-Satterthwaite approximation.

@ For simple effects in a split plot, required linear combination is

usually a sum of MS. CS works well for sums.
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]
Inferences on means:

@ E MS for random effect terms in the ANOVA table
E MSgjock = Jg + Faa, + GFU%
E MSgiockx ceno = 05 + Fol
E MSError = 0(29

@ Cell mean, pj
Vary; = Var(uj+b + w; + &)

= 24+ X4 2

@ Need to construct an estimator:

1
- BGF

o with approximate df from Cochran-Satterthwaite

Var(y;.) [MSpiock + (G — 1) MSgiockx geno + F(G — 1) MSgror]
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@ Main plot marginal mean, p;.

Vary, =

requires MoM estimate

@ If blocks considered fixed:

Vary, =

Var(ui.+5‘+ﬁ/,-,+é,-”)
2 2 2
% 9w , e
BB FB

Var(u; + b + w; + &)
0_2 2
w

B " FB

% (Faﬁ, + Jg)

o Can estimate this by M58ectxGE10 with (B — 1)(G — 1) df
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@ Split plot marginal mean, 1 ;

Vary; =

@ If blocks considered fixed:

Vary; =

Var(u;+ b+ w.+ &)

@ Both require MoM estimates.
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|
Summary of ANOVA for a balanced split plot study

@ Use main plot error MS for inferences on
@ main plot marginal means (e.g. genotype)
@ Use split plot error MS for inferences on
e split plot marginal means (e.g. fertilizer)
e main*split interactions (e.g. geno x fert)
e a simple effect within a main plot treatment
@ Construct a method of moments estimator for inferences on
e a simple effect within a split plot treatment
e a simple effect between two split trt and two main trt, e.g. pq11 — o2
@ most means
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-
Unbalanced split plots

@ Unequal numbers of observations per treatment
@ Details get complicated fast

@ In general:

o coefficients for random effect variances in E MS do not match
@ S0 MSgiuckx geno is not the appropriate denominator for MSgeno
@ need to construct MoM estimators for all F denominators

@ Allinference based on approximate F tests or approximate t tests
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-
Two approaches for E MS

@ RCBD with random blocks and multiple obs. per block
Yik = p+ Bi + 7j + B7j + €

whereiec {1,....B},je{1,....,T}, ke {1,...,N}.
@ with ANOVA table:

Source df
R Blocks B-1
Treatments T-1
R BlockxTrt  (B-1)(T-1)
R Error BT(N-1)
C. total BTN -1
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@ Expected Mean Squares from two different sources

Source 1: Searle (1971)  2: Graybill (1976)
Blocks 02+ NoZ+ NTog  n2+ NTn3
Treatments o3 + No3+ Q(7) 15+ Nnj + Q(7)
BlockxTrt o2 + No2 n3 + Nig

Error o2 UF

e 1: Searle, S (1971) Linear Models
e 2: Graybill, F (1976) Theory and Application of the Linear Model.

@ Same except for Blocks
@ Different F tests for Blocks

e EMS 1: MS Blocks / MS Block*Trt
e EMS 2: MS Blocks / MS Error
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@ Can find “rules” for computing coefficients in EMS

@ Rules generally give EMS 2, e.g. Schulz (1954, Biometrics),
Cornfield-Tukey (1956, Ann. Math. Stat.)
@ Long-standing controversy / disagreement
e EMS 1: dates from Mood (1950) Introduction to the Theory of

Statistics, p 344
e EMS 2: dates from Anderson and Bancroft (1952) Statistical

Theory in Research
Bancroft was first dept. head of ISU Statistics
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|
What'’s going on?

@ Important point: Your model is important!!!
@ Ignore “rules”. Focus on the choice of model
@ EMS 1: follows the model

Bi N(O»U%)
Bry "X N(0,0%)

e~ N(0,02)

Q

i.

a &

Q
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@ EMS 2: follows model 1, with addition that interactions sum to 0
within each level of the fixed effect.

@ Forces a negative covariance between interactions within same
treatment (j)
@ Because if }-; a8 = 0, then Var (3>~ a8;) =0
B R N0, n3)
Brj  ~ NO,(T—1)55/T)

COV(Oéﬁij, Ozﬂi/j) = —7]5/ T
COV(O&ﬁij, Oéﬁij/) = 0
COV(O&ﬁij, OéBi/j/) = 0

e~ N(0,73)
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@ Resolution: different parameterizations

@ Hocking 1985, The Analysis of Linear Models, section 10.4 has an
especially clear explanation.

@ Easy conversion between parameterizations

EMS 1 EMS 2

2 2
Og = T

2 2
9% = Tp

2 2 2
og = ng—1p/T

@ Equivalent models
(EMS 1) 05 + No5 + NTog = 3+ Nis+ NT (15 —n5/T)
1% + Nijg + NTn3 — Nijj
= 12+ NTn3 (EMS 2)
@ F tests for “Blocks” are tests of different quantities
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@ Different software implements different algorithms:

o SAS: Searle, EMS 1
o Stata (I'm told): Anderson and Bancroft, EMS 2
o R: Searle model (but doesn’t use ANOVA)

@ Difference really matters for unbalanced data.
o There, EMS for treatments not the same

@ | believe there is no reason for the sum-to-zero assumption

o Alegacy of ANOVA for fixed effects that is forced to be full-rank
e Hocking (1985) has another technical reason

@ Much more natural to assume independent random effects
@ N.B. More natural doesn’t mean must be correct!
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